Introduction {#Sec1}
============

The Lennard-Jones (LJ) potential is one of the centerpieces in Molecular Dynamics (MD) simulations, the key computational method for studying atomistic phenomena across Chemistry, Physics, Biology and Mechanics. Despite the widespread use of MD simulations, an often overlooked fact is that the classic LJ potential involves a century old and rather ad-hoc prescribed repulsion exponent. In this study we demonstrate that this parameter needs to be modified in order to enhance the predictive capabilities of MD simulations.
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                \begin{document}$$(r)$$\end{document}$ and consists of two parts: an attractive term −*r* ^−*q*^ that models the Van der Waals forces and a repulsive term *r* ^−*p*^ that models the Pauli repulsion. While the exponent $\documentclass[12pt]{minimal}
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                \begin{document}$$q\,=\,6$$\end{document}$ has a theoretical justification^[@CR1]^, the *p* = 12 exponent was chosen for computational efficiency as the square of the attractive term. In addition, two scaling parameters $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon $$\end{document}$ control the shape of the potential. The $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$ parameters have been the subject of numerous calibration studies^[@CR2]--[@CR5]^ and more recently the subject of Bayesian inference techniques^[@CR6],[@CR7]^. Bayesian Uncertainty Quantification (UQ) employs experimental data and provides a probability distribution of the parameters. The parameter uncertainty can then be propagated by the model in order to obtain robust predictions on a quantity of interest^[@CR7],[@CR8]^. In cases where the data sets correspond to different inputs for the system, e.g. different thermodynamic conditions, the use of Hierarchical Bayesian (HB) methods provides a stable method for UQ^[@CR9],[@CR10]^.

Here we employ a HB method to infer the parameters $\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$ force-field. In the past, several values of the exponent $\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$ potential, ranging from 10 to 20, have been considered^[@CR11]^. The authors calibrated using pressure and viscosity data for various thermodynamic conditions and concluded that the exponent 12 is the best choice.

We perform  the HB inference for the LJ 6-12 and LJ 6-$\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$ parameters of argon based on experimental RDFs of liquid argon and saturated argon vapor for six different temperature and pressure pairs, as well as on one dataset from quantum calculations, representing gaseous argon. We present a rigorous model selection process for the LJ 6-12 vs LJ 6-$\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$ potentials for each of the cases and perform robust posterior predictions for the diffusion coefficient and density.

We find that the most likely values for the LJ repulsive exponent for liquid argon are $\documentclass[12pt]{minimal}
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                \begin{document}$$p\approx 6.5$$\end{document}$, strongly differing from the value of *p* = 12 that is being used, while the gaseous argon is simulated best with the exponent $\documentclass[12pt]{minimal}
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                \begin{document}$$p\approx 12.7$$\end{document}$, much closer to the conventional one. We remark that our results have been obtained in the case of a simple system. However, we consider that they offer significant evidence that the repulsive exponent should be reconsidered when the parameters of the LJ potential are being fitted to data.

Results {#Sec2}
=======

In our work, we perform several inferences of the parameters of the classical and modified LJ potentials for argon at different thermodynamic conditions. Here and further, $\documentclass[12pt]{minimal}
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                \begin{document}$$\vartheta $$\end{document}$ denotes a set of parameters to be calibrated.

We first calibrate the parameters $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon ,\sigma $$\end{document}$ of the classical LJ 6-12 potential, as well as the LJ model error parameter $\documentclass[12pt]{minimal}
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                \begin{document}$${\sigma }_{n}$$\end{document}$, which accounts for the inadequacy of the LJ description, even with the best possible parameters, as compared to the physical reality. The parameter set $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\varepsilon ,\sigma ,{\sigma }_{n}\}$$\end{document}$. We use RDF as data and denote this inference as $\documentclass[12pt]{minimal}
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                \begin{document}$${B}_{p,R}$$\end{document}$) and perform model selection for the LJ 6-12 and LJ 6-$\documentclass[12pt]{minimal}
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We then perform a non-hierarchical and a hierarchical Bayesian inference for each of the potentials using the methodology from ref.^[@CR10]^. In the non-hierarchical inference the parameters for each data set are being inferred completely independently with a common prior information, encoded in $\documentclass[12pt]{minimal}
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                \begin{document}$$p({\boldsymbol{\vartheta }}| {\mathcal M} )$$\end{document}$, see Supplementary Fig. [S1c](#MOESM1){ref-type="media"}. In HB inference the parameters corresponding to each data set are being connected to a hyper-parameter $\documentclass[12pt]{minimal}
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                \begin{document}$${\boldsymbol{\psi }}$$\end{document}$, see Supplementary Fig. [S1b](#MOESM1){ref-type="media"}. In this approach the prior information of the model parameters is data dependent, $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{{\boldsymbol{d}}}$$\end{document}$ denotes the set of all available data, allowing information to flow between the different data sets leading to more robust and accurate predictions for the model parameters. The aim of this procedure is to infer the hyper-parameters $\documentclass[12pt]{minimal}
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                \begin{document}$${\boldsymbol{\vartheta }}$$\end{document}$ between the different sets of data and to subsequently update the distributions of the parameters $\documentclass[12pt]{minimal}
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                \begin{document}$${\boldsymbol{\vartheta }}$$\end{document}$ (see Supplementary Material S1 for details). These inferences are denoted *HB* ~12,*R*~ and *HB* ~*p*,*R*~.

The experimentally measured RDFs are taken from ref.^[@CR12]^. The RDFs are computed for 6 temperature/pressure pairs $\documentclass[12pt]{minimal}
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                \begin{document}$$V$$\end{document}$ stands for "vapor". The corresponding datasets (RDFs) are denoted as $\documentclass[12pt]{minimal}
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Finally, we perform the inference with LJ 6-$\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$ using quantum dimer energy calculations from ref.^[@CR13]^ as data, which corresponds to the gaseous argon. We then compare the obtained parameter distribution with those computed for the liquid argon and saturated argon vapour from the RDF data. The quantum dimer dataset is denoted as $\documentclass[12pt]{minimal}
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Calibration of LJ 6-12 {#Sec3}
----------------------

We present results of parameter calibration for $\documentclass[12pt]{minimal}
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Similarly with the inference of the LJ 6-12 parameters, we proceed by calibrating the parameters using the HB approach. Details for the selection of the prior can be found in Supplementary Material S2. The results of the inference are given in Fig. [1](#Fig1){ref-type="fig"}. We observe that the uncertainty in $\documentclass[12pt]{minimal}
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### LJ potentials {#Sec9}
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### Robust posterior prediction {#Sec10}

The quality of the pred ictions, made for a quantity of interest (QoI) different than the one used for the inference, quantifies the predictive power of the model (see Supplementary Material S1.2). We obtain robust predictions of the RDF, density *ρ* and diffusion coefficient *D* of argon by propagating the posterior LJ parameters uncertainty into these quantities.
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Discussion {#Sec11}
==========

We have performed a systematic study of the modified 6-$\documentclass[12pt]{minimal}
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Our results contradict the conclusion of ref.^[@CR11]^, where LJ potentials with $\documentclass[12pt]{minimal}
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Taking into account the differences in $\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$, we conclude that one cannot use the same values of the LJ parameters for liquid, saturated vapor and gas. This issue is attributed to the simplicity of the LJ description: the potential, and thus the underlying physical model of the intermolecular interactions is not flexible or accurate enough to allow for the transferability of the same parameters between different physical environments. The model can be potentially improved by including more complex physics in it, such as many-body interactions with geometrical considerations or quantum corrections. For argon however, the quantum corrections are not expected to be significant^[@CR15]^. At the same time, including the triple-dipole interactions was found to provide better results than the LJ 6-12 for all thermodynamic states of argon^[@CR2]^. We emphasize however that ab-initio derived forcefields including multi-body terms have also suffered from non perfect transferability of their parameters between gaseous and condensed phase environments. AMOEBA^[@CR16],[@CR17]^ has been an example of a hybrid force-field that includes additional physics, and it was also calibrated using both quantum and experimental data. In the limit of a perfect model, perfect transferability should be anticipated between all physical environments. However, since all force field models are approximations to reality and QM interaction energies even at the Coupled Cluster Stochastic Dynamics (CCSD(T)) level are uncertain, we expect the same lack of transferability for their optimal parameters between different physical environments.

Smaller values of the repulsion exponent ($\documentclass[12pt]{minimal}
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We have also examined whether the smaller exponent allows for bigger time steps in MD simulations. However, it appears that the exponent is not a critical factor for the stability of the system. that is, the energy conservation and the RDF were unaffected by the increase of the time step from 1 fs to approximately 16 fs for both LJ 6-12 and LJ 6-6.5. Further increase of the time step lead to the crash of both MD simulations. We observed similar execution times for the simulations with MPVs of LJ 6-12 and LJ 6-$\documentclass[12pt]{minimal}
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From the computational point of view, usage of low computational cost interpolation-based models replacing the real simulations (called surrogates) resulted in a speed-up of 28%.
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=======

Molecular Dynamics {#Sec13}
------------------
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Bayesian Uncertainty Quantification {#Sec14}
-----------------------------------

This section presents a brief description of the Bayesian inference theory. The details are given in Supplementary Material S[1](#MOESM1){ref-type="media"}. Here and further in the text, small bold letters represent vectors while big bold letters represent matrices. Each random variable ***ξ*** is assumed to be continuous with a probability density function (PDF) denoted as ***ξ***.
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                \begin{document}$${\boldsymbol{\vartheta }}$$\end{document}$. To simplify the notations, the conditioning on ***x*** is omitted below. Prior information on the parameters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\boldsymbol{\vartheta }}$$\end{document}$ is encoded into the probability distribution with PDF $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\boldsymbol{\vartheta }}[ {\mathcal M} ]$$\end{document}$. We assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\boldsymbol{\Sigma }}={\sigma }_{n}^{2}{\boldsymbol{I}}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\boldsymbol{I}}$$\end{document}$ is the identity matrix in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathbb{R}}}^{{N}_{{\vartheta }}\times {N}_{{\vartheta }}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\sigma }_{n}\in {\mathbb{R}}$$\end{document}$ is *a priori* unknown. In this work, we infer the parameters of the LJ potential together with the parameter of the covariance matrix: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\boldsymbol{\vartheta }}=(\varepsilon ,\sigma ,{\sigma }_{n})$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\boldsymbol{\vartheta }}=(\varepsilon ,\sigma ,p,{\sigma }_{n})$$\end{document}$ depending on whether the exponent $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p$$\end{document}$ is being inferred or not.

Bayes' theorem provides a tool for the inference of the parameters $\documentclass[12pt]{minimal}
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In certain cases the data may correspond to different input variables $\documentclass[12pt]{minimal}
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For the sampling of the distributions we use the Transitional Markov Chain Monte Carlo (TMCMC) algorithm^[@CR19]^ (see Supplementary Material S1.1). We perform all the inferences using the open-source library $\documentclass[12pt]{minimal}
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In order to reduce the computational cost of the simulations, we apply kriging surrogates following the methodology proposed in ref.^[@CR20]^. Namely, for each Markov chain leader we build a kriging interpolating surface using the samples from the leader's bounding box. We select the size of the box to be equal to a quarter of the current domain. The surrogate value is rejected if the kriging error is greater than 5% of the predicted value. In addition, we do not allow the kriging predictions which are outside the 5--95% quantile range of all the values obtained from MD simulations.
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